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DYNAMIC SIMILITUDE IN INTERNAL- COMBUST I ON ENGINES* 

By 0 . Lut z 

Various proposals have "been made to adopt as high- 
speed criterion the quantity, n s N^ or n ^N^ (reference 
1) (n = rpm, N e = effective rat^d hp), the point made 
"being that this value is approximately constant for type 
series; that is, unaffected "by the engine size. Herein- 
after, relations possessing this property will he termed 
"model quantities , 11 in conformity with Kutzbach's "model 
rotative speed" (reference 2). K. v. Sanden (reference 1, 
p. 312) had shown that the cited property can be devel- 
oped on the "specific rotative speed" n if jbhe mean 

prej^uxe_.._and the^ or at least its prod- 

uct - are presumed constant. This suggests a method in 
general form on the basis of similarity considerations, 
which obviates the assumption of constant piston speed. 
In fact, it will be soon that the piston speed - as, more- 
over, any other speed, such as "bearing velocity - must be 
independent of the quantity dimensions and must he a rep- 
resentative quantity similar to tho high speed and the 
specific weight per horsepower (reference 1 (v. Sanden), 
pp. 312 and 315). 

THE LAW OE SIMILITUDE IN INTERNAL-COMBUSTION ENGINES 

Notation 

X length (m) tt pressure (kg/m~ 2 ) 

T time (s) |j, mass (kg m"" 1 s s ) 

K force (kg) £ temperature (°K) 

The proportional numbers of the other derivated quantities 
(such as speeds or accelerations) are given in parentheses 
(v). 



"Ahnlichkoitshetrachtungen bei Brennkraf tmaschinen . " 
Ingenieur-Archiv, Bd. IV, 1933, pp.. .373-383 . 
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T7e start f rom Newton 's general law of similitude in 
the form (reference 3) 



K - M< ~ 



(1) 



which. holds for the motion processes of the gases in the 
working chamber as well as for the motion of the engine 
parts. 



By geometrical similitude the masses vary as the 
third power of the linear dimensions, or 



(2) 



to the. extent that the gases hare the same density and the 
engine parts are made of the same material.. To allow for 
discrepancies in gas densities., in the structural materi- 
als, and eventual . structural modifications, the correction 
factor, a is introduced.:* 



a 



(2a) 



For identical operating conditions 
the working chamber are also identical, 
cycle, hence 



the pressures 
because of the 



(3) 



In order to have latitude here also for different graphical 
representation, the correction factor b is added: 



n . - 2 - - b 



(3a) 



Prom (l), (2a), and (3a) the law of similitude then 
follows at 




(4) 



Strictly speaking, the motion process of the gases should 
be separate from that of the moving parts, each with dif- 
ferent correction factors a; but as the same law of si- 
militude applies to both processes, this di vi sion can. be 
foregone, for the law is conditioned through the require- 
ment (3a), which. _i s .the same for both processes (pressure 
in gas = pressure on piston),. 
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Since „X/j _ represent s . the proportional number of a 

speed, it follows that the speeds in internal-combustion 
engines are not affected by the size of the engine and can 
only .be varied \rithin a comparatively narrow, zone , charac- 
terized br the correction factor . T7ith the length 
scale \ as basis, wc find: 

For the time (s), 

the times vary as the lengths; 

For the rotative speeds and angular velocities (min 1 , s~ 

T ~ 1 = /jV 1 = (v) X" 1 (6) 

the rotative speeds and angular velocities vary inversely 
to the lengths . 

For the accelerations (m s~ s ) , 

^ = 1 A" 1 = (v) 3 A" 1 (7) 

the accelerations also vary inversely to the lengths, but 
the potential variations are greater than by the rotative 
speeds ((v) with respect to (v)). 

For the forces (kg), 

,K .= 1) V ( 8 ) 

the forces vary as the squares of the lengths; 

For the power output (kg. in s _1 ), 

= b yj> = b (v) x 3 o) 

the performances vary also as the squares of the lengths, 
with an added possible variation of the speeds (v). 

For the weight per horsepower (kg hp -1 ), 
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'{£-/»"*• <T) " 3 " <10) 

the peri draanccs vary as the lengths; the" potential varia- 
tions correspond to the third power of l/(v), hence the 
speeds are of great influence; 

For volumetric efficiency (hp m~" 3 ), 

JLjL. h ( T ) X" 1 (11) 

it varies inversely to the lengths - the higher the speed, 
the higher the volumetric efficiency; 



For the high speed (n «flfl) , 



t " x yf = y? = <*>~ ^ (i2) 




a 4, 



it is not dependent on the dimensions of the mach|ne and 
is principally affected "by the speeds (factor (v) ); 

For the specific weight per horsepower (kg hp 3/ ' s ), 

- — -372 - / 79 - , v 4 4 — : ^ X6J 
(a) V t (v) 7^5 

this also is independent of the dimensions and i s e ven more 
affected "by the speeds (factor (v) ) than ( ny N e ) . 



MODEL QUANTITIES 



Now the model quantities are. compiled from t?ne charac- 
teristic engine data: rotative speed n (rpm), power N e 
(hp/cylinder) , quantity (stroke volume in liters per cylin- 

der), and weight G (kg/cylinder). To enable direct com- 
parisons "between the individual design types - power, vol- 
ume, and weight are referred to one cylinder. For identi- 
fication of the model quantities, underscored letters are 
used: n denotes the rotative speed, I the power, v 
the volume, and g the- weight.- Thus the model quantity 
formed of power and weight , reads g^ in weight compari- 
sons, and I in horsepower comparisons. 
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a) Thermal High Speed 

The already employed "high speed" n^ = n JW^ - that 

is, the model quantity formed of rotative speed and horse- 
power - is termed "thermal high speed" to differentiate it 
from the corresponding relation "between rotative speed and 
volume. It indicates the rotative speed of the similar 
one—horsepower engine. It is 

(2^) = (v) S '^h (12) 

The corresponding relation for the horsepower would he: 

l s = N e n 2 (12a) 

the "horsepower of the similar engine with the rotative 
speed l/min." As stated, this quantity is partially used, 
although it affords no values appropriate for the reprc- 
s entation - 

"b ) Mechanical High Speed 

This expresses the relationship "between rotative speed 
and machine size. As model quantity, ooviously 

s v = n y^h < i4 > 

comes in for consideration. It represents the rotative 
speed of the similar 1-liter engine. It is 

(n^) = (v) X" 1 V*F = (v) (14a) 

the mechanical high speed is a pure speed relation. 

The corresponding relation for the volume would he 

v n = V h n 3 (I4h) 

the "stroke volume of the similar engine with rotative 
speed l/min; v n is even less clear than the horsepower 

relation (12a). 
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c) Specific height per Horsepower 
This is already defined "by 

g, = — 4/S ( 13a > 
-I U e 

It represents the weight of the similar one-horsepower 
engine. According to what has gone "before, 



(g 7 ) . ---^^ (13) 



The reciprocal relation would "be 

I = (13D) 

the "horsepower of the similar engine of 1-kilogran weight." 
Equation (13a) should "be more appropriate for 'representa- 
tion. 

d) height per Litor of Stroke Volume 
This is the only relation with linear quantities 

g = --- (15) 

It represents the weight of the similar 1-liter engine. 
The ratio of the liter weights is 



(%) - $ = a (15a) 
The reciprocal relation 

y = (I5h) 
-g & 

gives "stroke capacity of the similar engine of 1-kilogram 
weight." 

e) Specific Horsepower (hp/cu in.) 

It is the model quantity formed of horsepower and 
stroke capacity and expressed "by 
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- Y h 

which is the horsepower of the similar 1-liter engine. 
The ratio of the specific horsepowers is 

2 

(i ) = *il^L = b(T ) (lea) 

""J A 

The reciprocal relation nay also "become valuable: 

Y 



it indicates the "stroke volume of the similar one-horse- 
power engine." 

f ) The Relation between Rotative Speed and Weight 

This involves 

n g . = n yT (17) 

or 

E = G n 3 (17a) 
n 

although no particular importance is likely to be- attached 
to then. 

We explore in this connection the commonly used char- 
acteristic values. 

Model quantities in the sense of the similarity con- 
sideration are £ the mean pressure (working pressure), the 
mean piston speed, the weight per stroke volume. G/V^, the 

piston loading N e /g k , and the charge utilization Np/nY^. 
Weight per horsepower &/N e , and horsepower per stroke 
volume Ne/Vh are not model quantities;' the first in- 
creases, the other decreases with the size of the machine. 

Incidentally, the nondimensional relation of the spe- 
cific horsepower = N /V^ 8 "' 3 is employed by Italy 

against Held (Automot. Ind. , No. 16, 1930), and Stadie (Au- 
tomob.-techn. Z., 1932, p. 356). 
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K. v. Sanden lias already used, the quantities n^ and 
g_^ in some of his studies (reference 1, p. 317). The cor- 
responding relations ir, = n an<i &i ~ &/H e 3/ ' 2 mani- 
fest that the engines in the logarithmic diagram must group 
around the straight line n^ 3 = n 3 G = constant since, 

according to (17a) n 3 G it"self~is a model quantity. 

By plotting the thermal high speed n^ against the 

mechanical high speed n T , "both in logarithmic scale, a 

further system of curves""- sloped at 45° - can he added, 
which gives the specific horsepower. This chart (fig. l) 
contains the data for variotxs engines. 

The chosen method has the advantage of "bringing out 
the mean pressures also. For 4-stroke-cycle engines, it 



i s 



or 



900 N e n 2 H e 

p = e - 900 -g- — -s 

e V h n V h 

p e = 900 21^ (is) 
-v 



The lines p e = constant in the logarithmic chart are 

therefore straight lines with a slope tan a = 3/2. For 
2-stroke-cycle or dou"ble-act ing engines the p c lines, are 
shifted upward or, as shown in the chart, the plotted en- 
gines are shifted downward "by the amount In J2 = | In 2 

for 2-stroke-cycle or double-acting engines, and by 

In </4~ = In 2 for 2-stroke-cycle and double-acting engines. 

Examples 

Ij>._Aizcraf t _engi ne . - 12-cylinder, 4-stroke-cycle; 
W e = 680 hp, n - 1650 rpm, = 46.9 liters. The corre- 

sponding values per cylinder are: H = 55^7 hp/cylinder, 
Y h = '3.91 liters/cylinder. Hence, n^ = n V"!^ •= 12,410; 

n v 5 n f/V^ = 2600; = -J% 7 ^ = 22.70; p e a 900 ^ = 

~ _ - Y h -v 

7.91 kg/ cm 3 . The last two values can .be read immediately 
from 'the chart. 
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2. Shlip engine." 5-cylinder, 2~st roke-cycle - 
N 0 = 2850 hp, n = 160 rpm , = 1278 liters; each cylin- 

der: N e = 475 hp, = 213 liters. Hence, = 3490, 

9 00 — T, S 

n. Y = 956, l T = 13.3, p Q = =j = 6.27 kg/cm s . The 

— — " ^ 21y 

last value is read from the p e lines, the engine plot "be- 
ing shifted downward by i In 2. 

Another chart, featuring the engine weight, as ob- 
tained from the weight characteristics £. and £ (fig. 

2), shows the weight of the similar one-horsepower engine, 
, plotted against g^, that is, the weight of the sim- 
ilar 1-liter engine. The specific horsepower is again read 
from the 45°-slope lines 



APPLICATION TO ENCOUNTERED PHENOMENA 
a) Gravity Phenomena 



Cooling water and oil circulation are influenced by 
the force of gravity. "Proude's model law is applicable. 
Por the ratio of the Proudo characteristics P = v s /lg 
(g = acceleration duo to gravity), we find: 

™ s (life - & ■ - ^ 

The gravity phenomena do not proceed similarly; the 
Proude characteristics decrease with increasing engine size. 

b) Phenomena Hue to Elastic Forces 

This includes the stresses in the gears and casing so 
far as they are attributable to the cycle of action of the 
engine (hence not stresses due to gravity, but the stresses 
in connecting rods, crankshafts, bearings, tie rods, cylin- 
der heads, and those due to gas pressure in the cylinder). 
It includes further all vibration phenomena traceable to 
elastic forces, such as critical crankshaft rpm, resonance 
vibrations of the gas columns in the inlet and exhaust 
lines, etc. 
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Cauchys 1 model" theorem is applicable-: ' yi&'r ' C = — ===== 

V S/p 

(S = modulus of elasticity and shear modulus, respectively, 
in kg m~ 2 , p = density in kg m~ 4 s 2 ), we have: 

(0) * 1x1 = ( V ) = y| (20) 

The phenomena due to elastic forces are similar; they 
are unaffected "by the size of the engine. In other words, 
if the crankshaft of a machine has a critical rpm 15 per- 
cent above the rated rpm for full load, the crankshaft of a 
machine of the same type series "out different size, has a 
critical rpm v:hi ch is also 15 percent a"bove the rated rpm 
of this second machine. Or, if the gas column in the ex- 
haust line is in resonance at the rated rpm, a similar' 
larger machine will also manifest resonance at the rated 
rpm. Vibration phenomena in the fuel lines of solid- 
injection engines manifest at the rated rpm, the same vari- 
ation for anv engine size when referred to degrees of crank 
angle. 

c) Flow Phenomena under the Influence 
of Inertia and Viscosity 

Hereto belong all flow phenomena accompanying low 
pressures, hence those in the inlet and exhaust lines and, 
chiefly, the scavenging processes in 2-st roke-cycl e en- 
gines. The cooling flows in air-cooled engines can also 
be included so long as the inflow velocities arc the same. 

Here the Reynolds model law is applicable: For R = 
~ (u = kinematic viscosity in m 2 s -1 ), it is 

(R) - XxHll s /5 X a (21) 

1 v a 

The flow phenomena in internal-combustion engines, 
therefore, do not vary similarly, since the Reynolds num- 
ber increases with increasing size of the machine. Thus 
the scavenging curve of a small machine could differ from 
that of a large machine, in spite of identical, scavenging 
processes and identical arrangements of the scavenging el- 
ements. More elaborate investigations are needed on this 
subject. According -.to aerodynamic researches (reference 
4), the effect of the Reynolds number on the flow variation 
is not great; but it is possible that the turbulence proc- 
esses, which are of equal importance for the scavenging 
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(reference 5.), arc more intimately, related to the Reynolds 
number and hence night manifest appreciable differences . 
This should "be decided "by experiments. 

d) Thermic and Thermodynamic Phenomena 

This involves the temperatures in the working medium 
and in the surrounding parts (cylinder xvalls, pistons, and 
further, in the cooling water), the heat exchange in the 
gas, the heat transfer in the vicinity, and the heat dissi- 
pation. The temperature in the operating medium is related 
to the pressure through the polytropic equation 

----- = const (22) 



In the comparisons, of course, equal starting points 
must he assumed (equal initial pressure and temperature) - 
also permissible in this summary analysis. The polytropic 
exponent of the internal-combustion engine is slightly 
less than the adiabatic factor K (reference 6), not only 
because of the heat transfer-on the \?alls but also as a re- 
sult of the variation of the specific heat at higher tem- 
peratures. Its absolute value, however, is not of inter- 
est here. 

For the proportional numbers, it therefore gives: 

m— l m— _i ' 

*" = tt E = b n (23) 

In the comparison of heat-conductivity processes, the 
Fourier and the Pe'clet model laws must be allowed' for - 
one for the temperature distribution and its time rate of 
change in the surrounding walls, the' other for the ex- 
change of heat in the working chamber itself. 

lor Fo = ^-g- : where a Q = is the temperature 

conductivity in m 2 s~ 1 (X^ = heat conductivity, .... c = spe- 
cific heat, y = unit 'weight ) , we have: 

(Jo) = A 2 ~ := /Tx = ( v) A (2-:.) 
T 1 v a 

if identical materials - that is, (a Q ) = 1 - are used. 
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.The heat distribution and it s: variation, with r'espe ct 
to t-ine is therefore not similar in the walls,' because the 
Fourier characteristics increase with increase in size of 
the machine. For instance, or. large machines the variation 
with respect to tine lags "behind that on a snail one, ffhcn 
referred to the period of the ne chine - say, of crank angles, 



■For Peclet 
manner 



s number P = P- 



a. 



it affords in the same 



(P) = 



(25) 



In this instance, hov-ever, the temperature conductivi- 



ties 



a 0 = *E 



are not equal, Taut linearly dependent upon 



499), whence the ratio (a 0 ) 



the pressure (reference 1, p 

"becomes equal to the ratio tt of tho pressures, that is, 
equal to b. This value is entered in' (25). 



The exchange of heat in the working medium is there- 
fore not similar "because the Peclet numbers increase with 
the size of the machine. The exchange in larger machines 
is slower and so much more, as the speeds, factor (v) -1 , 
arc lower. 

Important also are the proportional numbers for the 
heat quantities passing to the walls and carried from there 
in the cooling water. For comparisons, these heat quanti- 
ties must be considered as parts of the total heat input, 
hence they are referred to the horsepower N G of the ma- 
chine (while tacitly assuming equal efficiencies). 

For the quantity of heat q.» transmitted in unit time 
to the walls (surface F) "by contact, we have: 

q u = a F A T 



By turbulent flow, as undoubtedly is the case in .the inter- 
nal-combustion engine, the transition factor a can be ex- 
pressed in the form (reference 3, p. 49.8): • 



a = K P" 



where E is a constant factor dependent upon the form and 
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type of flow, P the Peclet number, "h Q the heat conduc- 
tivity, and L Q a linear dinension. . . 

Hence, "by eq.ua! heat conductivity (i.e., = l)» 

the ratio of heat quantities transmitted per unit horse- 
power, is 

3/43 

Im2 - hJll LJL_i^2 um ?r lU (25) 

(H e } Xb IJ V • " 

V a 

P "being expressed "by the value found in equation (25). 

The heat transnissions by contact are therefore not 
sinilar. At equal temperatures, (AT) = 1, the heat trans 
fer in larger machines is sonowhat less than in a snail one 

(factor X~ x/ ). T7ith Nusselt 's heat transmission formula 
(reference 7) , . ■' " '. 

a = 0.99 l/j> s T (1 + 1.24 c n ) 

( c n = ncan piston speed) affords 



/ n— 1 

Uu) _ V h S h n A 2 (AT) _ (AT3 ' , 27&) 

(1To) "0 /T A 2 a l/sn (v) 1+27 ^ 

v a 

if the first tern only is considered, and' 

l*s2 = _J^1L_. (27b) 
(H e ) a l7sn (v) 2/3n 

so far as the second tern only is considered. 
$ 

This nay seen, surprising at first glance, since the heat- 
transfer coefficient increases with higher gas velocities. 
But it should be remembered that we mist always figure 
with equal conditions. If the gas velocities are higher, 
the other velocities nust also be higher .and the tine in- 
tervals co rre spondingly shorter; hence. the heat transfer 
less. The fornula indicates that this influence predoni- 
nates . 
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where 



In "both, cases the quantity of heat transmission per 
unit horsepower, according to this fornula, would he inde- 
pendent of the size of the nachino, "but related in the sane 
sense, as through equation (26) - onl-"- weaker - to the 
speeds . * 

The hoat-transf er factor by radiation, is 

(Ja) - (JhX 

V.100/ VLQCV 

T 8 gas temperature 

T x wall temperature 

0 12 effective radiation factor 

At equal temperatures , the ratio of the heat quantities 
transmitted per unit horsepower, is 

« __L2l 1_ (28 ) 

>, /Fx 2 a C^) 3 



-2 A 
a 

The heat transfers by radiation vary similarly; they 
are unaffected by the sizo of the machine. At high speeds, 
relatively less heat is transferred (factor (v) 3 ). 

The quantity of heat carried off through the cylinder 
walls per unit time is 

A P A T 
q s 

where A Q is the heat conductivity, 8 the wall thick- 
ness. Here tho ratio (q)/(H Q ) (assuming identical mate- 
rials, hence (A Q ) = l) is: 

(q) _ i A 2 (AT) = (AT ) A _1 (29) 



a 



* 

Experiments might afford information on the scope of valid- 
ity of the different heat-transfer formulas. 
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The heat removal is not uniform; largo naehines rcnove 
relatively less heat than snail ones (factor X ), hence 
the pistons oust he cooled, starting from a certain size. 
At higher speeds, the heat removal decreases. 



Translation by J. Vanier, 
National Advisory Gonnittee 
for Aeronautics. 



REFERENCES 

1. Laudahn, W.: Glasers Ann. 10S (1931),. S. 163. 
v. San den, E . : Ing.-Arch. 3 (1932),. S. 311. 

2. Kutzhach, K. : Z. Y.D.I. 65 (1921), S. 1302. 

3. Hutte 1, 26. Auf 1 . , S. 332. 

4. Ergebnisse der Aerodynani schen Versuchsanstalt zu 

Gottingen oder L. Prandtl, Abriss der Stronungslehre, 
Braunschweig, 19 31, S. 173. 

ii 

5. Lutz, 0.: Heft 1 der Berichte aus den Laboratoriun fur 

Ter brennungskraf tnaschinen der Techn. Hochschule 
Stuttgart., 1931, S. 78. 

6. Neunann, K. : Z. V.D.I. 68 (1924), S. 80. 

7. Nussclt, T7.: Der Warneubergang in der Verbrennungskraf t- 

naschine. Z. V.D.I. Forsch.-Heft 264. 



NACA Technical Memorandum No. 978 



Fig. 1 




aSS',1000 1500 2000 2600 3000 

t i&ES^A Mechanical high speed^ f^ 

j Mean pressure 

j/jjjf?'' ,/ rpm of similar 1 1 engine 

Figure 1.- Mechanical and thermal high speed, specific 
horsepower and mean pressure. 
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Fig. 2 




Figure 2.- Weight per stroke capacity, specific weight 
per horsepower and specific horsepower per 
stroke capacity. 
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